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We have investigated the excitation-power dependence of polarization-entangled photon-pairs
generated from a CuCl single crystal using biexciton resonant hyper-parametric scattering. The
measured two-photon polarization density matrix which corresponds to the two-photon polarization
state changes with increasing the excitation power. The evaluation of the tangle and the linear
entropy obtained from the measured density matrix indicates that the two-photon polarization
density matrix can be expressed as the mixed state of an ideal state and a totally mixed state,
and the mixture ratio of the totally mixed state increases as the excitation density increases. The
variations of the density matrix and the mixture ratio with the excitation power originate from the
generation of the multiple photon pairs.
I. INTRODUCTION
The study for the generation of quantum entangled
photon pair is an important subject to progress quan-
tum optics and quantum information1,2. The sponta-
neous parametric down conversion (SPDC) is generally
utilized as the generation method of quantum entangled
photon pairs3. In recent years, the generation methods
by the utilization of the third order nonlinear optical phe-
nomena have been reported4,5. These methods have the
features as the enhancement of the effective generation
area of photon pairs6 and the generation of the photon
pairs in the wavelength range of the telecommunication
bands7. In the third-order nonlinear phenomena, the
generation method by using biexciton resonant hyper-
parametric scattering (RHPS) which is induced by the
resonance of the two-photon transition to a discrete en-
ergy state show the high generation efficiency of entan-
gled photon pairs8,9. Furthermore, in RHPS, because the
characteristics of the excited quantum state in materials
reflect the generated entangled photon pair, the proper-
ties of entangled photon pairs are hardly affected by the
conditions of excitation light. We consider that the gen-
eration method using RHPS is suitable to apply to the
non-classical light source with high brightness such as
entanglement laser10. However, there are few reports on
generation method using RHPS, and the quantum states
under the condition of the generation of multiple photon
pairs are not discussed both theoretically and experimen-
tally. Therefore, the investigation of the excitation-power
dependence of quantum states of photon pairs is an im-
portant subject to clarify the quantum states under the
generation of the multiple photon pairs. We have been
studied the generation method of entangled photon pairs
by using RHPS, and reported that the generation rates
of photon pairs and the generation efficiency of photon
pair per unit excitation power have been estimated by
two-photon time-correlation measurements11. However,
the quantum states of the photon pairs under various
observation conditions have been not discussed and the
excitation-power dependence of the quantum state has
been not clarified. We believe that it is important to
clarify the quantum state of photon pairs under the high
power excitation.
In this paper, we report on the excitation-power de-
pendence of the quantum states of entangled photon pairs
emitted from CuCl crystals by RHPS. We have measured
the polarization projection for photon pairs generated by
RHPS at various excitation powers. Two-photon polar-
ization density matrices have been reconstructed from
the experimental results. The fidelities of the ideal state
with the measured density matrices have been evaluated.
Furthermore, we have estimated the linear entropy and
tangle from the measured density matrix of entangled
photon pairs and clarified the relationship between the
linear entropy and the tangle at various excitation pow-
ers. The obtained relationship between the linear entropy
and the tangle is consistent with that in the Werner state,
which can be explained by taking account of multiple
photon pairs due to the increase in the generation rate
of photon pairs.
II. EXPERIMENT AND ANALYSIS
A CuCl single crystal sample with a size of approx-
imately 5 × 5 × 0.1 mm3 grown from vapor phase was
used to generate the entangled photon pairs by RHPS.
The temperature of the sample was maintained at 10 K
in a cryostat. The pump pulses were the second harmonic
light of a mode-locked Ti:Sapphire pulse laser at a repe-
tition rate of 80 MHz. For the excitation condition, the
center wavelength and the spectral width of the pump
pulses were selected to λ=390 nm and ∆λ= 0.2 nm, re-
spectively, by using a 4f optical system composed of two
lenses, two gratings, and a slit. The center wavelength
of the pump pulses corresponds to the two-photon reso-
nance of the biexciton state in CuCl. The pump pulses
passing through a neutral density filter were focused on
the sample, where the spot size of the pump pulses on the
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FIG. 1. (a) The real parts of the measured density matrices
for the two-photon polarization states generated from RHPS
method at various excitation densities. (b) Excitation-power
dependence of Fidelity F . Dashed lines indicate the expected
value of the fidelity for ideal state, an upper limit of separable
state, and totally mixed state.
sample was approximately 100 µmφ. The emitted light in
the directions of about 45 and -45 degrees from the exci-
tation optical axis were taken into the multi-mode fibers
and guided to monochromators. The polarized compo-
nents were selected through a polarization analyzer com-
posed of quarter wave plates, half wave plates, and polar-
izing plates at the front of the fibers. To satisfy a phase
matching condition of RHPS, the detected wavelength
of the RHPS light emitted from CuCl was selected by
monochromators, and the RHPS light was detected us-
ing single-photon counting photomultipliers. The photon
counting signals were input to a time correlator, and the
coincidence counts were measured. Moreover, the po-
larization projection measurements were carried out at
various excitation powers. According to the method re-
ported by Kwiat et al.12, the quantum state tomography
for two-photon polarization density matrix was obtained
by measuring 16 kinds of polarized projection.
III. RESULTS AND DISCUSSION
The ideal state for polarization entangled photon pairs
generated by RHPS is represented as8
|ψi〉 = 1√
2
(|HH〉+ |V V 〉) , (1)
where H and V indicate horizontal and vertical linear
polarization, respectively. The density matrix ρi for the
ideal state is given by
ρi = |ψi〉 〈ψi| =


1/2 0 0 1/2
0 0 0 0
0 0 0 0
1/2 0 0 1/2

 . (2)
Moreover, the fidelity F of the ideal state with the mea-
sured density matrix ρ obtained from the quantum state
tomography is defined as
F = 〈ψi|ρ|ψi〉 . (3)
To clarify the excitation-power dependence of the fidelity
for the entangled photon pairs generated by RHPS, the
two-photon polarization density matrices have been in-
vestigated at various excitation powers. The two-photon
polarization density matrices at various excitation pow-
ers, which are reconstructed from the results of the polar-
ization projection measurements, were shown in Fig. 1
(a). It is found that when the excitation power is the
lowest, the measured density matrix is similar to the
ideal state. The fidelity of the ideal state with the mea-
sured density matrix at the lowest excitation power is
0.91 which is almost consistent with the value reported
by Oohata et al.9. Moreover, the measured density ma-
trices are changed with increasing the excitation inten-
sity. As the excitation power is increased, the non-
diagonal components |HH〉 〈V V |and|V V 〉 〈HH| of the
measured density matrices are decreased and the diago-
nal components|HV 〉 〈HV | and|VH〉 〈VH | are increased.
In order to quantitatively evaluate the deviation from
the ideal state with the increase in the excitation power,
the fidelity F was calculated at various excitation powers
(Fig. 1 (b)). It is clear that the fidelity is monotonously
decreased with increasing the excitation power. The fi-
delity in the range larger than about 50 µW is smaller
than the classical upper limit of the fidelity, which indi-
cates that the quantum entanglement between photons
in the photon pair emitted from CuCl completely disap-
pears.
The tangle T and the linear entropy SL as the phys-
ical quantities13,14 are obtained to reveal the origin of
the excitation-power dependence of the density matrix.
The tangle T represents the degree of entanglement.The
tangle T takes values from 0 to 1, and indicates that the
degree of entanglement is higher as the tangle becomes
close to 1. The linear entropy SL represents the mixed-
ness of the density matrix. The linear entropy SL takes
values from 0 to 1. SL takes 0 in the pure state, and
shows a value close to 1 as many states are mixed. The
relationship between the tangle T and the linear entropy
SL obtained at various excitation powers is plotted in
Fig. 2. The dashed line indicates the maximum entan-
gled state13, and the gray area shows the physically im-
possible states. As the excitation power is increased, the
measured density matrix changes from the state with the
high tangle and low entropy to one with the low tangle
and high entropy. From the obtained relationship be-
tween T and SL, we predict that the density matrix un-
der the high excitation power constructs the mixed state
consisting of the ideal state and the totally mixed state,
which is called Werner state15. Using an ideal density
matrix ρi and a totally mixed state ρTM = I/4, where I
is the unit matrix, the Werner state ρW is defined as
ρW = (1− g)ρi + gρTM . (4)
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FIG. 2. Relationship between Linear entropy SL and Tangle
T . Red circles indicate the experimental values of SL and
T obtained from the measured density matrices at various
excitation powers. Solid line indicates the Werner states and
gray area corresponds to the states that are not physically
realized.
Here, g is the mixture ratio of the ideal state and the to-
tally mixed state, which takes values from 0 to 1. More-
over, it is known that the Werner state monotonically
changes from the state with low entropy and high tangle
to one with high entropy and low tangle states as the
parameter g changes from 0 to 1. The solid line in Fig. 2
shows the relationship between T and SL in the Werner
state obtained by Eq. (4). The experimental results al-
most agree with the solid line. This agreement means
that the measured density matrix obeys the Werner state,
which indicates that the parameter g is increased with in-
creasing the excitation power; namely, the proportion of
the totally mixed state increases with the increase of the
excitation power.
To understand the effect of the excitation power on
the measured density matrix, it is necessary to clarify
the origin of the totally mixed state. We have obtained
the parameters g at various excitation powers by fitting
the measured density matrix to the Werner state. The
excitation-power dependence of the parameter g is shown
in Fig. 3. The experimental results marked with black
circles indicate that the parameter g is monotonously in-
creased with the increase of the excitation power, which
indicates that the proportion of the totally mixed state
depends on excitation power.
When it is assumed that the origin of the totally mixed
state is due to the photoluminescence by bound excitons
in CuCl and the scattering light of the pump pulses9, the
detection rate of the totally mixed state is proportional to
the coincidence count rate of two photons which depends
on the square of the excitation power, because the pho-
toluminescence by bound excitons and the scattering of
the pump pulses belong to a linear optical phenomenon.
On the other hand, in RHPS which is related to a third-
order nonlinear parametric process, the detection rate
of photon pairs is proportional to the square of the ex-
citation power. Therefore, the ratio of the two-photon
coincidence count rate by RHPS to that by the photolu-
minescence and the scattering takes constant values with
the excitation power. This property for the ratio of the
two-photon coincidence count rate has been experimen-
tally confirmed in the previous report12. Moreover, this
result means that the parameter g caused by the pho-
toluminescence and scattering is independent on excita-
tion power, which indicates that the obtained excitation-
power dependence of the parameter g will not originate
from the photoluminescence by bound excitons and the
scattering of the pump pulses. Therefore, we consider
that the change of the measured density matrix and the
excitation-power dependence of the parameter g will be
caused by multiple photon pairs.
As the excitation power increases, the generation rate
of photon pairs by RHPS increases, and thus the proba-
bility of multiple photon pairs simultaneously generated
also increases. When the multiple photon pairs are gen-
erated, the measured density matrix is represented by
the base of number states corresponding to the number
of generated photon pairs. In this case, to completely
clarify the measured density matrix, we need at least
twice as the number of detectors as the number of pho-
ton pairs10. In the present study, because the coincidence
count rates have been observed by using two detectors,
the information up to only two photons can be obtained.
When three or more photons are generated, it is consid-
ered that the polarized projection which is statistically
obtained differs from the correlation of only two photons.
Takesue et al. have theoretically calculated the effect of
the generation of multiple photon pairs on polarization
correlation measurements with two detectors16. When
multiple photon pairs are generated independently, the
coincidence probabilities RHH , RHV , and RHR for the
respective polarization projections HH, VV, and HR are
expressed by
RHH =
∞∑
x=0
f (x)Pp (x, µ) ≃ α2
(
µ
2
+
µ2
4
)
, (5)
RHV =
∞∑
x=0
g (x)Pp (x, µ) ≃ α2µ
2
4
, (6)
RHR =
∞∑
x=0
h (x)Pp (x, µ) ≃ α2
(
µ
4
+
µ2
4
)
, (7)
where x, Pp, α and µ are the number of photon pairs gen-
erated simultaneously, the Poisson distribution function,
the detection efficiency of photons, the average photon
pair number, respectively. f(x),g(x), and h(x) expressed
as follows are the all coincidence probabilities of detec-
tion of photons of the polarization projections HH, HV
and HR, respectively, when x pairs are generated.
f(x) =
x∑
y=0
1
2x
x!
y!(x− y)!
{
1− (1− α)x−y}2 , (8)
g(x) =
x∑
y=0
1
2x
x!
y!(x− y)!
{
1− (1− α)x−y}
× {1− (1 − α)y} , (9)
4h(x) =

 x∑
j=0
1
2x
x!
j!(x− j)! {{1− (1 − α)}
j


×
(
x∑
l=0
1
2x
x!
l!(x− l)! {{1− (1− α)}
l
)
. (10)
The two-photon polarization density matrix obtained
from these polarized projections is expressed as12
ρp(µ) ≃ 1
4 + 4µ


2 + µ 0 0 2
0 µ 0 0
0 0 µ 0
2 0 0 2 + µ


=
1
1 + µ
ρi +
µ
1 + µ
ρTM . (11)
This equation indicates that the density matrix can be
expressed by the mixed state of the ideal state and the
totally mixed state, namely, the Werner state. Moreover,
the parameter g is expressed by g = µ/(1 + µ), which
is monotonously increased with increasing µ. On the
other hand, since the simultaneous detection efficiency
ηx affects the visibility of the time-correlation signal, it
is expected that ηx will have a significant influence on the
calculation of the density matrix12. Then, the detection
probabilities for the polarized projections, R′HH , R
′
HV ,
and R′HR, are represented as
R′HH =
Nmax∑
x=0
f ′ (x, ηx)Pp (x, µ), (12)
R′HV =
Nmax∑
x=0
g′ (x, ηx)Pp (x, µ), (13)
R′HR =
Nmax∑
x=0
h′ (x, ηx)Pp (x, µ), (14)
by taking account of ηx based on Eq. (5) - (7). Here,
to carry out an nummerical calculation to these polar-
izxation projections, we put Nmax as an upper limit of
the number of the simultaneous generated photon-pairs.
f ′(x, ηx), g
′(x, ηx) and h
′(x, ηx) expressed as follows are
the coincidence probabilities of the polarization projec-
tions HH, HV and HR, respectively, when x pairs are
observed with the simultaneous detection efficiency ηx.
f ′(x, ηx) =
x∑
k=0
x−k∑
m=0
X(x, k,m, ηx)f(x, k,m) (15)
g′(x, ηx) =
x∑
k=0
x−k∑
m=0
X(x, k,m, ηx)g(x, k,m) (16)
h′(x, ηx) =
x∑
k=0
x−k∑
m=0
X(x, k,m, ηx)h(x, k,m) (17)
where,
X(x, k,m, ηx) = η
k
x
(
1− ηx
2
)x−k
x!
k!(x− k −m)!m! ,
(18)
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FIG. 3. Excitation-power dependence of g. Black circles in-
dicate the obtained value of g from the measured density ma-
trices at various excitation powers. Solid lines indicate cal-
culated excitation-power dependence of g at various values of
the simultaneous detection efficiency ηx (0.001, 0.03, 0.20 and
1.00).
f(x, k,m) =
k∑
y=0
x−k−m∑
z=0
m∑
w=0(
1
2
)x
k!(x− k −m)!m!
(k − y)!y!(x− k −m− z)!z!(m− w)!w!
× {1− (1 − α)y+z} {1− (1− α)y+w} ,
(19)
g(x, k,m) =
k∑
y=0
x−k−m∑
z=0
m∑
w=0(
1
2
)x
k!(x− k −m)!m!
(k − y)!y!(x− k −m− z)!z!(m− w)!w!
× {1− (1 − α)y+z} {1− (1− α)k−y+m−w} ,
(20)
h(x, k,m) =
(
x−m∑
y=0
1
2x−m
(x−m)!
(x−m− y)!y!
{
1− (1− α)x−m−y}
)
×
(
k+m∑
z=0
1
2k+m
(k +m)!
(k +m− z)!z!
{
1− (1− α)k+m−z}
)
.
(21)
Using Eq. (12) - (14), the polarization projections are
calculated at various values of ηx, and thus the two-
photon polarization density matrices are obtained by per-
forming the quantum state tomography. In this calcula-
tion, we adopted Nmax = 15. The solid lines in Fig. 3
indicate the calculated parameter g plotted as function of
excitation power at various values of ηx. The excitation-
power dependence of g drastically changes with the value
of ηx. At ηx = 0.03, the calculated excitation-power de-
pendence of g is in almost agreement with the experi-
mental results. From these results, we demonstrate that
the excitation-power dependence of the measured density
matrix originates from the generation of multiple photon
pairs. Moreover, the fact that the mixture ratio of the
ideal state and the totally mixed state g depends on ex-
5citation power can be explained by taking account of the
generation of multiple photon pairs and the simultaneous
detection efficiency ηx.
IV. CONCLUSION
We have investigated the polarization projections of
the photon pairs generated by RHPS at various excita-
tion powers. The two-photon polarization density matri-
ces, which are reconstructed from the results of the polar-
ization projection measurements, drastically change with
the excitation powers. The fidelities of the ideal state
with the measured density matrices are monotonously
decreasing with increasing the excitation power. The re-
lationship between the tangle and linear entropy obtained
at various excitation powers indicates that the measured
density matrix under the high excitation powers reflects
the mixed state consisting of the ideal state and the to-
tally mixed state. Moreover, the proportion of the totally
mixed state increases with the increase in the excitation
power, which originates from the generation of multiple
photon pairs.
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